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Abstract 

We extend the theory of distributional kernel operators to a framework of generalized 
functions, in which they are replaced by integral kernel operators. Moreover, in contrast to 
the distributional case, we show that these generalized integral operators can be composed 
unrestrictedly. This leads to the definition of the exponential, and more generally entire 
functions, of a subclass of such operators. 
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1 Introduction 

The theory of nonlinear generalized functions El El 03 EE El EES] , which appears as a natural 
extension of the theory of distributions, seems to be a suitable framework to overcome the 
limitations of the classical theory of unbounded operators. 

Following a first approach done by D. Scarpalezos in ^H], we introduce a natural concept of 
generalized integral kernel operators in this setting. In addition, we show that these operators 
are characterized by their kernel. Our approach has some relationship with the one of jlUl lllj 
but is less restrictive and uses other technics of proofs. Let us quote that classical operators 
with smooth or distributional kernel are represented by generalized integral kernel operators 
in the spaces of generalized functions, through the sheaf embeddings of C°° or T>' into Q, the 
sheaf of spaces of generalized functions. This shows that our theory is a natural extension of 
the classical one. 

Contrary to the classical case ^3], we show that such operators can be composed unre- 
strictedly. This is done for generalized operators with kernel properly supported belonging 
to the classical space of generalized functions Q and for operators with kernel in a less usual 
space Q L 2 , constructed from the algebra T)^ = H°° . This allows to consider their iterate com- 
position and the question of summation of series of such operators naturally arises. In view 
of applications to theoretical physics, this question has been solved for the exponential, with 
additional assumptions on the growth of the kernel with respect to the scaling parameter. Two 
cases have been considered: The case of operators with compactly supported kernel for which 
the results have been announced and partially proved in pQ; The case of operators with kernels 
in the above mentioned space Qip. for which we give an application to symmetrical operators. 
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2 The mathematical framework 

In order to render the paper almost self contained, we recall some elements of the theory of 
generalized numbers and functions without any proofs. We refer the reader to [2*1 f3| I4~|l5ll9l 1 12| 
ITil Hoi HE] for more details (except for subsection 12, 4|) . 

2.1 The sheaf of algebras of generalized functions 

Let E be a sheaf of topological US-algebras on a topological space X (K = 1 or C). As in |14j . 
we assume that E satisfies the two following properties: 

(i) For each open subset ft of X, the algebra E(D,) is endowed with a family of semi-norms 
P(0) = (pi)i£i(n), which gives to E(Q) a structure of topological vector space and satisfies 

Vi G /(O), 3(j,fc,C) G /(ft) 2 x E; / V/,5 G , Pi (fg) < C Pj (f)p k (g); (1) 

(ii) For two open subsets fti and ft2 of X such that fti C ft2, one has 

\/i G /(fti) , 3j G /(ft 2 ) / g £(ft 2 ) , Pi(« I nj < Pj(u); 

(iii) Let JF = (ftA)AeA be an y family of open subsets of X with ft = UAgAftA- Then, for 
each pi G 'P(ft), « G /(ft), there exists a finite subfamily of T: fti, ft 2 , ft s (j) and 
corresponding semi-norms pi G 'P(fti), p 2 G 'P(ft2),..., p s (j) G 7'(ft s (j)), such that, for any 
u G E(Sl), 

Pi{u) < max (pi(u | nj) • 

l<i<s(i) 

Set 

H{E,V){9) = \{u £ ) £ G ^(ft)^' 11 / Vi G /(ft), 3 n G N : pi(u e ) = 0(e _n ) as £ -> o} 

I(E,V)(n) = Uu £ ) £ G E(n) {0 ' 1] / Vi G /(ft), V n G N : ft(tt e ) = 0(e n ) as e -> o} . 

As proved in |14j . the functor Tt(E,V) : ft *-^7i.(E,V)(£l) is a sheaf of subalgebras of the sheaf 
E^ l \ the functor 1{E,V) : ft ^>l{E,V){p) is a sheaf of ideals of H(E,V) and the constant 
factor sheaf H(K, \ ■ |)/X(K, | • |) is exactly the factor ring K = A/Ia, with 

A = {(r E ) £ G IK^ ' 1 ! / 3 n G N : \r £ \ = 0(e~ n ) as e -> 0} 
I A = {{r £ ) £ G I V n G N : |r e | = 0(e n ) as e -> 0}. 

The sheaf of factor algebras A(E,V) = Tt(E,V)/2(E,V), is called a sheaf of nonlinear general- 
ized functions. 

Remark 1 If E is a sheaf of differential algebras then the same holds for A(E,V). 

In the following paragraphs, we will use this definition in the following particular cases. 

Example 2 We define C (resp. M.) to be the factor ring A/ 1 a of generalized complex (resp. 
real) numbers. 
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Example 3 Take the sheaf E = C°° on X = M d (d G N), endowed with its usual topology. 
This topology can be described, for O an open subset ofM. d , by the family V(£l) = {pk,i \K <e 
f2, / G N}, where the notation K <&Vt means that K is a compact subset included in and 

PK,l(f) = SU P 1^/(^)1, for all / G C°°(n) (with d a = ^1). 

xEK,\a\<l ° x 

A(C°° ,V) (£7) is the algebra of simplified generalized functions, introduced by the second author 

Ey. 

Notation 4 We set £ M (n) = H(C°°,V)(n), J(fi) = T{C°°,V){Q) and Q{9) = A{C°°,V){tt). 
We shall also write Pk instead of Pk,o f or every compact subset Koffl. 

Since Q is a sheaf, the support of a section u G G{Q) is well defined. Let us recall that, for 
Q,' an open subset of Q and u G G(Q), the restriction of u to £1' is the class in of {u £ ^i ) 

where (u e ) is any representative of u. We say that u is null on 0' if its restriction to 0' is null 
in £/(Q'). The support of a generalized function u G G(Q) is the complement in Q of the largest 
open subset of where u is null. 

Notation 5 For SI an open subset of~R d , we will denote by Gc{ty the set of generalized func- 
tions of (?(f2) mf/i compact support. 

Remark 6 Every f G Gc (^) a representative (f £ ) £ G (O), smc/i i/iai eac/i / £ is sup- 
ported in the same compact set. We say that such a representative has a global compact 
support. 

The two following examples will be used in section H3 for the definition of the exponen- 
tial of some generalized integral operator. In them, we apply the Colombeau construction to 
presheaves of algebras in example [7| (resp. vector spaces in example 0). In these cases, prop- 
erty (iii) may not be satisfied but the general construction is still valid, giving presheaves of 
generalized algebras (resp. of vector spaces). 

Example 7 For SI an open subset ofM. d , we consider E(Q) = H°°(Q,) with its usual topology, 
defined by the family V(Q) = {|| • \\' m ; m > 0}, with 

ll/L = imi^(Q) = E W^fhHn), forallfeH°°(n). 

\a\<m 

Notation 8 We set 8 L i(p) = H(H°°,V)(Q), I^Q) = 1(H°°, T),V){p) and G L *(P) = 
A{H°°,T)(n). 

When E (f2) is only a topological vector space on K (that is (0) is not necessarly satisfied), 
G(Q) is defined analogously and is still a module on IK. 

Example 9 For $7 an open subset ofR d , we consider E l (^l) = L l (Vt) n C°°(f2) (i = 1 and 

1 = 2) with the topology given by the norm \\ ■ ||j = • 

Notation 10 We set = H{U n C°°, ||/|| Ll(n) )(fi), X, 2 (ft) = 1{U n C°°, ||/|| £ i (n )) and 

G l i(tt)=£ li (p)/I li (p). 
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2.2 Embeddings of spaces of distributions into spaces of generalized func- 
tions 

Let be an open subset of R d (d € N). The embedding of C°°(Q) into Q(Sl) is given by the 
canonical map 

a : C°°(tt) -» £(0) / ^ C7(/ e ) e , with / £ = / for all e G (0, 1] , 

which is an injective homomorphism of algebras. 

An embedding is of T>'(Q) into £?(Q) such that is |c°°(n)= ° can be constructed by the 
two following methods. For the first one ^2], one starts from a net (p £ ) £ defined by p £ (•) = 
£~ d p(-/e), where p G S(R d ) satisfies 

/ p(x) dx = 1 ; Vm G N d \ {0} / x m p(x) dx = 0. 

An embedding iq of £'(R. d ) in £/(M d ) is defined by 

io : T.-C7((T*p 6 )|n) e . 

From this, for every open subset C M d , an open covering (fl^ of f2 with relatively compact 
open subsets is considered, and T>'(Q\) is embedded into G(Q\) with the help of cutoff functions 
and if). Using a partition of unity subordinate to the embedding is of P'(O) into Q{Q) is 

constructed by gluing the bits obtained before together. Finally, it is shown that the embedding 
is does not depend on the choice of (^a)a and other material of the construction, excepted the 
net {p e )e- The second method |16] starts from the same {p e ) £ which is slightly modified by ad 
hoc cutoff functions. Consider x £ 2?(K) even such that 

0<x<l, X = Ion 5(0,1), X = 0onR d \5(0,2) 

and set 

Vj £ l d , VsE(0,l], e £ {x) = p £ (x)x(\lne\x). 

One shows that 

(fe E (x)dx-l) £ 61(1) ; VmeN d \{0}, (Jx m Q £ (x) dx) £ G I(M). (2) 
Set r £ = {ie!] / (f(x,M d \n)>e, d(x,0) < 1/e} and consider (j £ ) £ G PQR^ ' 1 ] such that 

Ve€(0,l] , 0< 7e <1, 7e = lonr e . 

Then the map 

V'(n)^g(tt) T h-» Cl(j £ T * Q £ ) £ 

is equal to is (This last proof uses mainly (J2J; The additional cutoff (7 e ) e , which is such 
that 7 e T i— > T in 2?'(Q) as e — > 0, is needed to obtain a well defined net {^ £ T * 6 e ) £ .) 

2.3 Integration of generalized functions 

We shall use integration of generalized functions on compact sets or integration of generalized 
functions having compact support. 

Let K be a given compact subset of Vt and u an element of £?(Q). The integral of u on K, 
denoted by J K u(x) dx, is the class, in C of the integral on K of any representative of u. (This 
class does not depend on the choice of the representative of u.) 

The integral of a generalized function having a compact support is an immediate extension 
of the previous case. Indeed, if u G G(£l) has a compact support K, let K\ C K% be two 
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compact subsets of f2 such that K is contained in the interior of K\. Then, it can be shown 
that 

/ u(x) dx = in C. 
Jk 2 \k 1 

Therefore, f K u{x) dx = f K ^ u(x) dx and this value is denoted by u(x) dx. (O is omitted in 
the sequel if no confusion may arise.) 

We shall also consider integration on the space Q[i{Q). The integral of u € £7ji(fi), denoted 
by u{x) dx, is the class, in C of the integral on 0, of any representative of u. (This class does 
not depend on the choice of the representative of u.) 

It follows immediately from the definitions that the integral of a generalized function on a 
set of measure zero is equal to zero, the integral of a null generalized function is equal to zero 
and that the classical formulas of integration by parts, change of variables, change in order of 
integration (Fubini's theorem), . . . are valid for the integration of generalized functions. 

2.4 Generalized parameter integrals 

Let X (resp. Y) be an open subset of W 1 (resp. W 1 ). We denote by Q ps (X x Y) the set of 
generalized functions g of Q(X x Y) properly supported in the following sense: 

V 0\ relatively compact open subset of X, 3K2 <s Y j supp g PI (Ox X.Y) C 0\ x K^. (3) 

Clearly, Q ps (X x Y) is a subalgebra of Q(X x Y). 

Lemma 11 Let g be in Qp S (X x Y^ . For V relatively compact open subset of X , there exists 
W relatively compact open subset ofY such that supp g D (V x Y) C V x W. 
For all e G (0,1] and x £ V, we set G £ (x) = f w g e (x,y) dy, where (g e ) e is a representative of 
g. The net (G £ ) £ belongs to £m(Y) an d its class, denoted by G, is an element of Q{V) which 
does not depend on the choice of the representative of g and ofW. 

Proof . First, the existence of W is due to the hypothesis ©• Then, for all e 6 (0, 1], G £ 
is well defined and of class C°° by the usual regularity theorems. (Note that G £ is the integral 
of a C°°-function on a relatively compact open subset.) 

We first show that (G £ ) £ belongs to £ m(V). Let K\ be a compact subset of V and a be in 
N m . For x 6 K\, one has 



\d a G £ (x)\ < 



d a g £ (x,y) dy 
w 



<Vol(W) sup \d a g £ (x,y)\ 

x<=Ki,y£W 

< Vol(W) C e~ g , for e small enough, 



for some C > and q £ N, where Vol{W) denotes the volume of W. 

Let us verify that G does not depend on the choice of the representative of g and on the one 
of W. According to M. Grosser et al. ( |12j. theorem 1.2.3), it is enough to consider estimates 
of order zero, what we will do in the following. Let (g £ ) £ and (g £ ) £ be two representatives of g. 
As previously, we can define (G\) £ and (G £ ) £ in £m{V). We have to show that (G\ — G £ ) £ is 
in T(V). Let K\ be a compact subset of V. For x G K\, one has 



\Gl(x) - G 2 £ (x)\ 



idl ~9 £ )(x,y)dy 



<Vol(W) sup \(g l £ - g 2 £ )(x,y)\. 



w xeKi, y eW 



As (g\ — g 2 ) £ belongs to Z(X x Y), we get from the previous estimate that Pk 1 (G\ — Gf) 
O (e n ) as e -> for all n G N. 
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Consider W\ and W2 relatively compact open subsets of Y such that, supp g D (V x Y) C 
V x Wi for i = 1, 2 with, for example Wi C W2. For all e G (0, 1], X G V and i = 1,2, we set 
G*(x) = Jjy. g £ (x,y)dy where (g e ) e is a representative of g. Then (Gg) e and (Gg) e belong to 
£m(V). Let ifi be a compact subset of V . For x G ifi, one has 



|(G*-G*)(x)| 



Sfe(z,2/) dy 

W 2 \W! 



<Vol(W 2 \Wt) sup \g e (x,y)\. 

xeKi,yeW 2 \Wi 



As supp g (~l (V x Y") C F x W, the restriction of 5 to F x (W 2 \ Wj.) is null. Therefore, the 
previous estimate shows that Pjc x [G\ — G 2 £ ) = O (e n ) as e —> for all n G N. 

Lemma 12 Let g be in Qp S (^X x Y) , (V^)^j frc & family of relatively compact open subsets of 
X such that Ujg/Vi = X and define Gi G Q{Vi) as in lemma [771 Then, there exists G G Q{X) 
such that the restriction of G to Vi is equal to Gi, for all i G I. Moreover, G only depends on 
g, but not on (K)ie/- 

Proof . For i ^ j such that Vi n Vj ^ 0, we remark that Vi U Vj is a relatively compact open 
subset of X. There exists W a relatively compact open subset of Y such that supp gCl((Vi U Vj) x 
y) C (Vi U V}) x VF. According to lemma ITT1 we can define $ = CI ($ £ ) £ G U V,), with 



Vx G Vi U 1$, $ £ (x) = / g £ (x, y) dy. 

Jw 



Then, (3> £ |v- ) E (resp. ^ £ |^ J ) is a representative of Gj (resp. Gj) since those representatives 
depend neither on the representative of g nor on the choice of appropriate W. Then G^y^y. = 
Gj\y.py. . Thus, (Gi) i€l is a coherent family, which implies the existence of G since Q(X) is a 
sheaf. The proof of the independence of G with respect to (Vi)jgj follows the same lines. 

Lemmas II II and 1121 give immediately the following: 

Proposition 13 For g in Q ps {X x Y), there exists G G Q{X) such that, for all relatively 
compact open subset 0\ of X, 

G\ 0l =Cl (^ x ^ j K 9£ ( X} y ) dy ^\°i J ' 
where (g e ) is a representative of g and K2 is such that suppg D (Oi xY) C 0\ x i<C 2 - 

Notation 14 By a slight abuse of notation, we shall set G = f Y g(-, y) dy or G (-i) = J Y g(-%, y) dy. 
We shall omit the set on which the integration is performed when no confusion may arise. 

Example 15 Proposition can be used to define the Fourier's transform of a compactly 
supported generalized function. Indeed, if u is in Qc(Y) then the generalized function {(x, y) \— > 
e~ lxy u{y)} is in Q ps (X x Y), then u(x) = f e~ lxy u{y)dy is well defined. 



3 Generalized integral operators 

In this section, we introduce the notion of generalized integral operator and study their basic 
properties. The reader can find another approach in 111) . Let X (resp. Y) be an open 
subset of R m (resp. R n ). 
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Definition 16 Let H be ifi* Qps {X x y ) . We call generalized integral operator the mcip 

H : G(Y) -> Q(X) 

f -> H(f) = fH(;y)f(y)dy, 

with the meaning introduced in proposition and notation \14\ We say that H is the kernel of 
the generalized integral operator H . 

This map is well denned due to proposition El since the application , 2)/(*2) is clearly 
is in G ps (X x Y). 

Remark 17 If H € Q(XxY) has a compact support then H satisfies and H is well defined. 
Furthermore, the definition of H does not need to refer to proposition M 'Jl in this case. Indeed, 
if H is in Qc{X x Y) with suppH C K\ x K 2 (K\ d X, K 2 <s Y) and f in 9(Y), we have 

H{f) = Cl(x» H e (x,y)f £ (y) dy) 

where {H e ) £ (resp. (f e ) £ ) is any representative of H (resp. f). Furthermore, as suppH C 
K\ x K 2 , we have H(- 1 ,- 2 )f(-2)\(x\K 1 )xY = 0, hence H(f)\ x \ Kl = and suppH(f) C K\. 
(The proof uses arguments similar to the one of lemma \ll\ ) Finally, the image of H is included 
in Qo{X) and, more precisely, in {g € Qc{X) / supp g d K{\ . 

Remark 18 If H is in Q(X x Y) without any other hypothesis, we can define a map H : 
QciY) — > Q(X) in the same way. Indeed, for all f in Gc(Y) with supp f = K 2 and for all 
0\ relatively compact open subset of X, supp H(-±, - 2 )f(- 2 ) fl ( 0\ X Y) C 0\ x K 2 , that is 
H(-i,- 2 )f{- 2 ) is in Qp S (X x Y). In this case, the generalized integral operator can be defined 
globally since f has a representative with global compact support. 

This remark leads us to make the link between the classical theory of integral operators 
acting on T)(Y) and the generalized one. This is detailed in section 0J 

Remark 19 In all previous cases, H is a linear map of C-modules. This holds also for the 
map ~ : G ps (X x Y) -^C(g(Y),g(X)), which associates H to H . Moreover, H is continuous 
for the sharp topologies llfitf . Conversely, the third author showed in that any continuous 
linear map from Oc(Y) to Q{X), satisfying appropriate growth hypotheses with respect to the 
regularizing parameter e, can be written as a generalized integral operator, giving a Schwartz 
kernel type theorem in the framework of integral generalized operators. 

Example 20 The identity map of subspaces of compactly generalized functions with limited 
growth PJ' admits as kernel 

$ = C7((x,y)->e e (z-y)) s , 
where (@ £ )e is defined in paragraph 1 2. 2L 

Theorem 21 (Characterization of generalized integral operators by their kernel) One has H = 
if and only if H = 0. 

A first proof, due to the second author, is based on embeddings of Sobolev's spaces in spaces 
of smooth functions. The proof given below is due to V. Valmorin (personal communication) 
and uses the following: 
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Lemma 22 Let Q. be an open subset of M d and K be a compact of Q, of diameter D. If & 
belongs to T>k(Q) then 



sup |<%)| < (d* [ | - f ${y)\ 2 dy 
«eJC V ./n dy 1 dy 2 ...dy d 



1/2 

. |$(y)| < f D d I | - - cfr(y)| 2 dy 1 

Proof . First, let us assume that .ff = in x Y) and fix / G £7(Y). For any Oi relatively 
compact open subset of X, there exists <s Y such that suppg n (Oi x7) C Oi x K 2 and 

(/), 0l = CZ( (x -> / H £ (x, y)f £ (y) dy) ](h ) B , 
Jk 2 

where (H e ) £ (resp. (f £ ) £ ) is any representative of H (resp. /). As H is null, the map 
H £ (-i, ■2)f{-2) is null on Oi x Y. Thus H (f)i Ql is null and, by sheaf properties, H (f) is 
null. 

Conversely, suppose that H = 0. In order to prove that = in Q{X x V), we shall 
prove that Hiq iX y = in Q{0\ x Y), for any 0\ relatively compact open subset of X and 
conclude by using the sheaf properties of £/(•). Let K\ and K 2 two compacts subsets of 0\ 
and Y" respectively. From ©, we can find a relatively compact open subset of Y such that 
K 2 C W and supp # n (Oi xY) C Oi x W. Let (.ff e ) e be a representative of and set 
Pe.xiy) = H £ {x,y)p{y), for all y € Y and x € Oi, where p is a C°°-function on Y such that 
p = 1 on W and swpp p C 2 , with O2 a relatively compact open subset of Y. Thus, for all x 
in Oi, <p E)X € X>q (Y). This implies 



diam(6 2 ) n / |— y? £ , x (y)| 2 dy I 



where Jp; is the derivative Q yi Qy™ Q y and diam(-) denotes the diameter. As K 2 C W C 2 , 
we have 

1/2 



Set 



sup \<p £ ,x(y)\ ^ (diam(0 2 ) n [ \^—ip £iX (y)\ 2 dy. 



5 n 

= / l^7V ; '£,x(y)| 2 dy , Vx € Oi. 

'o 2 a y 



Since H £ and p are C°°-functions, ifj £ is continuous on K\. Therefore, tp £ has its maximum at 
a point x(e) £ i*Ti. Consequently, 

sup |# £ (x,y)| = sup |^e,x(y)| < \J diam(6 2 ) n il) £ (x(£)). 



By choosing / e = ^<p e)X ( e )(-), one has (/ e ) e in £m(Y), since x(e) G iT x , so its class / is an 
element of Q(Y), as well as Jpr/- Since W C 2 , one has 

(H(g^f))e(x(e)) = J o H £ {x{e\y)—f £ {y)dy 



Qn Qn 

(-i) n £ l^^,x (£) (y)l 2 dy = (-l)> e (x( £ )), 
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since (x, y) i— > ip £X (y) is another representative of i/ on Oi x Y. As belongs to <7(Y), 

we have H(^-^) = in <?(X), thus its representative is in T(0\). Since {x{e)) £ is bounded in 

Ki, (H(2^)) £ (x(s)) is in I a and the previous equality implies that (ip £ (x(e))) £ G /a, that is 
ip £ (x(e)) = 0{e n ) as e — > 0, with n G N. Furthermore 



sup |i/ e (x,y)| < sup |fZe(x,2/)| < \/ diam(02) n ip £ (x(£)). 

(x,y)£K (x,y)£KjxK2 

Hence sup^ ^g^ \H £ (x, y)\ = 0(e p ) as e — > 0, for all p G N. Thus (-ff e ) e is in 2(0\ x Y"), which 
ends the proof. 



Corollary 23 The linear map^ , defined in remark VBk is inject 



ive. 



Remark 24 If H is in Q^i{X x Y), then H can be embedded in Q[X x Y) using Sobolev's 
embeddings, but H may not be properly supported. Nevertheless, we can define a generalized 
integral operator acting on Q L 2 type spaces as follows: 

H: g L2 (Y) - g L2 (x) 

f i-> CI (x J Y H £ (x,y)f £ (y)dy) £ , 

independently of the representative {H £ ) £ (resp. (f £ )e) of H (resp. f). 

Indeed, set <l> e (x) = f Y H £ (x,y)f £ (y) dy for e in (0, 1] and x G X. The function $ e is well 
defined, since (H £ ) £ G £ip-{X x Y) and (f e ) £ G £ L 2(Y). Moreover, we have, for all x G X and 
e in (0, 1] 



$ £ (x)\ < 



H e (x,y)f e (y)dy 



Y 



<\\H e (x,-)\\ 2 U 



e\\2 



Thus <3? £ is in L 2 (X), with ||$ e || 2 < \\H e \\ 2 ||/e|| 2 - As for all a G N 71 , <9 a <l> e exists and satisfies 
ll^^el^ < ||9"iT e || 2 ||/ e || 2 : {&e) £ is in £ L 2(X). A straightforward computation shows that 
CI (<J? e ) e does not depend on the representative of H and /. Thus, the operator H is well 
defined. 



4 Link with the classical theory and regularity properties 

In this section, we compare our definition to the classical one, that is when H is a C°°-function 
or a distribution. Let X (resp. Y) be an open subset of M m (resp. R n ). 

Theorem 25 If h G C°°(X x Y) then the diagram 

£'{Y) £ C°°(X) 
lis io- 

Q C (Y) °® Q(X) 

is commutative. 

Proof . We have to prove that a o h = cr(h) o is- Let T be in £'{Y). Due to the local 
structure of distributions, there exist r G N, a finite family (f a )o<\a\<r ( a N n ) of continuous 
on W 1 having their support contained in the same arbitrary neighborhood of the support of T, 
such that T = Y2o<\a\<r ^"/a- By the linearity of the operators under consideration, we can 
assume that T = d a f, where / is a continuous function on M n whose support is contained in 
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a neighborhood of the support of T. In this proof and the one of the following theorem, the 
exponents of the mollifiers are 1 for the space X, 2 for Y and none for X xY. In this case, a 
representative of a o h(T) is defined, for all x G X, by 



h(T)(x) = (T, h(x, •)) = (d a f,h(x,-)} = (-l)W(f,d«h(x,-)) = y f(y)d5h(x,y)dy. 

A representative of cx(/i) o is(T) is 

1 / l (x,y)(T*e e 2 )(y)dy= /" /i(x, y)(/ * d a 6 2 )(y) dy = J J h{x,y)f(X)d a Q 2 £ (y - A) dAdy. 

As the functions / and d a @ £ have compact supports, the two previous integrals are integrals 
on compacts sets. Thus, we can apply Fubini's theorem and obtain 

J f h{x } y)f{\)d a Q 2 £ {y-\)d\dy = {-lt\ f (d%h(x, •) * 6 £ 2 ) (A)/(A)dA. 

As the function y \—> (dyh(x, •) * 2 ) (y) is a representative of is(dyh(x, •)) in GiY) and since 
dyh{x, •) is a C°°-function and i s \c°° = o~, one has 

{d%h(x,-)*&l-d2h(x,-)) e el(Y). 

Moreover, / is compactly supported so the difference of the representatives of cr(h) o is(T) and 
a o h{T) is in I(X). Thus o~(h) o is(T) = a o h(T) in £?(AT), which implies the required result. 

Definition 26 TTie kernel H G (/(X x7) o/ a generalized integral operator is called regular 
when H{g c {Y) C Q°°{X), lu/jere, for all U open subset ofR d (d G N), 

g°°(n) = £°°(n)/j(n). 

£°°(Q) = j(u e ) e G C 00 ^^ ' 1 ! / VX m O , 3n G N, V/ G N , p K ,i(u E ) = 0{e~ n ), as e -> o} . 

The reader can find more details about this algebra in |17j . 

Proposition 27 ///i is in C°°(X x 1"), then o~(h) is regular in the above sense. 

Proof . Let / be in Qc(Y). Then there exists K 2 compact of Y and (f e ) e a representative 
of / such that supp f e C K 2 . Consequently, a representative of a(h)(f) is (ip £ ) £ with 

ip £ : x i-> / h(x,y)f £ (y)dy 

and, for all K\ compact of X, a in N m , x in Ki, 



C( / h(x,y)f E (y)dy 

K 2 



< Vol(K 2 ) sup \d%h(x,y)\ sup |/ £ (y)| < C(a) £ -«, 

(x,y)£KixK2 y£K2 



as e tends to 0, where q does not depend on a. That shows that a{h){f) is in Q°°(X). 
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Theorem 28 If h G V(X x Y) then the diagram 

V{Y) h V'{X) 
1° lis 

Gc{Y) H h) G(X) 

is commutative. 

Proof . We have to prove that is o h = is(h) o a. Let / be in D(Y). A representative of 
is h(f) is defined, for all x £ X, by 

( 7 ^(/) * e*) (x) = (jlh(f), u - e*(* - m) 

= {h,{^7iml(x-m®f)- 

A representative of is(h) o <r(/) is, for all x € X, 

y (7e ® 7 2 /*, {(£, r?) - @l(x - 0®l(y - v)})f(y) dy 

= ( 7 l® 7 *h,{(ti,r l )^@l(x-0 J Q 2 £ (y-n)f(y)dy}) 

= (h,m,v)^l 1 eml(x-Ole(v) J e 2 £ (y-r ] )f(y)dy}) 

= (h, {(£, V) -> 71(6®^ - O^fa) (©? * /) (»7)}>, 

since 0^ is even. Consequently, the difference of these representatives of is°h(f) and is(h)oa(f) 
is equal to 

(h, {£ -» 7^)©^ - 0} ® {/ - 7 2 (© 2 * /)}>• 

As / — 7^ (0j * /) is a representative of <r(/) — %(/), which is equal to zero in £/(F) since 
i s |c°°(y)= f i this representative is in X(Y). Furthermore, (tjQ^x — -)) e is in £m{X). Thus, 
{{k 7 £ 1 (0©K 2; - 0} ® {/ - 7 2 (@ 2 * is hi T{X x F). Let K x be a compact of X, then 

there are fii relatively compact open subset of X such that K\ C Oi and ei > such that, for 
all x in K\, for all e < E\, 7^@^(x — •) is in T>(Q\). Furthermore, by setting supp f = K2, there 
are relatively compact open subset of Y such that K2 C ^2 and £2 > such that, for all 
e < e 2 , /-7 2 (© 2 * /) is in X>(fi a ). Consequently, {£ ^ ll(0®l(x ~ 0} ® {f ~ (©? * /)} is 
in T>{Q\ x 02)- By using the local structure of distributions, one can write h as a derivative of 
a continuous function on R m x R n , whose support is contained in an arbitrary neighborhood 
of f^i x Q2 and one shows that 

{(h, {£ - 7^)©^ " 0} ® {/ - 7 2 (e 2 * /)}» e 
is in I(X), which implies the required result. 

Proposition 29 If H is in G°°(X x Y) then H is regular in the sense given by definition \2b\ 

Proof . Let H be in G°°(X x Y) and / be in Qc(Y). There exists K2 compact of Y and 
(f e )e a representative of / such that supp f £ C K^. Let us denote by (H £ ) £ a representative of 
H. A representative of H(f) is 

(x,y) ^ / H £ (x,y)f £ (y)dy 
Jk 2 
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and, for all K\ compact of X, a in N m , x in K\, 



d«(j K H £ (x,y)f £ (y)dy 



< Vol(K 2 ) sup \d«H £ (x,y)\ sup \f £ (y)\ < C(a)e^, 

(x,y)£K 1 xK 2 y£K 2 

as £ tends to 0, where q does not depend on a. That shows that H(f) is in Q°°{X). 
This result has also been proved in jlUj . 



5 Composition of generalized integral operators 

5.1 Operators with kernel in Q ps (.) 

Theorem 30 Let X, Y and E be three open subsets ofW 71 , M n and W respectively and Hi 6 
g ps {X x 5), H 2 G Q ps (E x Y). The operators Hi : Q(E) -» £(*) and F 2 : £(F) -> 0(E) 
can be composed. Moreover, H\ o i?2 «s a generalized integral operator, whose kernel is L, 
defined by L(-i,-2) = J*~ H\(-i, £)H2(£, -2) d^ (with the meaning of notation \14\ ) and L belongs 
tog ps (XxY). 

Proof . For all / in G{Y), H2 (/) is well defined in £7(2), then we can define H\{H 2 (/)) in 
Q{X) and H\ o H 2 is well defined. We have to show that L is well defined, properly supported 
and that Hi o iJ 2 = L. We set < &(-i,-2, , 3) = #i("l> *3)^2("3> "2) ('3 refers to the £ variable). 
Choose Oi (resp. O2) a relatively compact open subset of X (resp. F). 

Since Hi £ G ps (X x 3), there exists a compact subset K3 C H such that 

supp Hi n (Oi x E) C Oi x if 3 . 

Therefore, supp <I> n (Oi x O2 x H) C Oi x O2 x if 3 and $ is in G ps (X x F x S). Proposition 
[T31 implies the existence of L in £?(X x F), denoted by J H\(-\, £)i?2(£, -2) d£. 

With the same notations as above, since #2 £ £/»s(-^ x E), there exists for O3 = K3, a 
compact subset if 2 C Y such that 

siipp H 2 n (0 3 x F) c 3 x if 2 . 

We have $| 0l x(y\x 2 )xH = since #i| 0i x(h\A' 3 ) = and H 2\k 3 x(y\k 2 ) = °- Therefore, L is 
null on Oi x (F\if2), so supp L n (Oi x F) is included in Oi x if 2 which shows that L is in 
S ps (X x F). 

Moreover, for any / € {7(F), we have (the compact sets on which the integration are 
performed are indicated contrary to the notations above), 

L(/) |0l = f L(.i,y)f(y)dy 

= I ( [ Hi(-i,OH 2 (ti,y)dA f(y)dy 
Jk 2 \Jk 3 J 

= / Hi(-i,£)H 2 (£, y)f (y) d£dy (by fubini's theorem) 

JK 2 xK 3 

= [ HiC-i.of/ H 2 (ty)f(y)dA dy = H 1 (H 2 (f)) ]0l . 

JK-i \JK 2 J 

Using the sheaf structure of G(X), it follows that L (/) = ^iii o ii 2 ^ (/). 

Remark 31 It is straightforward to verify that the composition of generalized integral operators 
is associative. 
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Example 32 Take 5 € 2?'(R) the classical delta function and x an integrable function on R. 
SetH = 5 x <S>1y and K — x® &y- Such H and K are distributions on R 2 . The kernel operators 
associated with H and K are respectively 

H : £>(R) -> £>'(R) and K : £>(R) -> £>'(R) 

/ ^ S x Jf(y)dy f ^ f(0) X - 

By noticing that H : -> £>'(R) and K : £>(R) -> L 1 (R), one can define H o K by the 

following 

HoK : P(R) -> V(R) 

f -» <k/(0)Jx(£K, 

which admits as kernel 

SJyfxiOdC (4) 

Conversely, K o H cannot be defined classically. We are going to define it in the context of 
generalized functions. By using the notations of paragraph \2.°A one has 

i s (H)=Cl((x,y) » (& £ ®l y )(x,y)) £ 

and 

i s (K) = CI ((x, y) » (( x * 8 £ ) ® 9 £ ) (x, y)) e , 
so is{K) o is{H) = L is well defined from <?c(R) to <7(R), with 



L = Cl Ux, y)~ J ((x * 8 e ) ® p e )(ar, ® 1„)(£, 2/) d£ 



t/iat is L = J is(5) 2 (£,) d£ • <S> lj, = / £ 2 (£) d£ • x ® ™^ a slight abuse of notation. 

For the case of H o K , one can easily verify that the image by is of the classical distributional 
kernel given by ^ is equal to the kernel obtained by theorem, UTK 



Corollary 33 For H in G ps {X 2 ) (X open subset ofR d ) and n > 2, H n = go-off : 

n times 
Jps ( 



G{X) — > G{X) is a well defined generalized integral operator, whose kernel L n € G ps (X 2 ) is 
defined by 

L n {-i,- 2 ) = j H(- 1 ,^)H(^,^)---H(^ 1 ,- 2 )d^ 2 ---d^ 1 , 
with the meaning of notation \14\ 



Proof . We prove this proposition by induction. Theorem 1301 gives the result for n = 2, by 
considering X = H = Y and Hi = H 2 . Suppose now that H n ~ l is well defined with its kernel 
L rt _i defined by 

£„_!(•!, - 2 )= / ff(-l,£l)ff(6,£ 2 )-'-ff(£n-2,-2)d£ 1 d6---d£ n _ 2 

in G PS {X 2 ). 
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We apply theorem E3 with H x = H and H 2 = L n _i. It follows that H n = H 11 ' 1 offisa 
well defined operator which admits as kernel 



L(-i,-2) 



jT (7 2 if(-i,ei)fi"(Ci,6)---H(en-2,^-i)d6d6---d^„-2") ij(^-i,- 2 )de„- 

/ 6)^(6, 6) • • • # (£n-2,£n-l)# (£n-l, -2) d£id& • ••d^d^-l, 



by applying Fubini's theorem. This is possible since the integrals are always performed on 
compact sets, using the local definition (proposition I13|) . Thus L(-i,-2), which is properly 
supported, is equal to L n (-i, -2) which satisfies the required properties. 

For operators with compactly supported kernels, we can give a more precise result. 

Proposition 34 With the notations of theorem \S(K for Hi in Qc{X x S) and H2 in Qci^ x Y), 
Hi o H2 : Q(Y) — > Qc{X) is a generalized integral operator whose kernel L is an element of 
Gc(X x Y). Moreover, if Ki (resp. K2 ; K$) is a compact subset of X, (resp. 5 ;Y) such that 
the support of Hi (resp. H2) is contained in the interior of Ki x K2 (resp. K2 x K%) then L 
can be defined globally by L(-i, -2) = j K2 ^i("i, C)-^2(C, '2) d£ and the support of L is contained 
in Ki x if 3 . 

Proof . We only have to verify the assertions related to L. Denote by (H\ )£ ) £ (resp. (H2, £ )) £ 
a representative of Hi (resp. H2) and set 0\ = X \ Ki, O3 = Y \ K%. The net 



(x,y)» I H 1>£ (x,0H 2 , £ ^,y)dA 

JK 2 J f 



is a representative of L, which justifies the global definition of L. For U (s= X and V (s Y such 
that U x V C X x Y\Ki x K 3 , we have either U C Oi or V C O3. We shall suppose, for 
example, that U <Z 0\. For (x,y) £ £7 x V, we have 



|£ £ (»,y)| 

Therefore 



H h£ (x,0H2,e(^y)^ 
K 2 



< Vol(K2)puxK 2 (H h£ )p K2xV (H2, £ ). 



Puxv(Le) < Vol(K 2 )puxK 2 {Hie)p K2XV (H2, £ ). (5) 



As ( H i,e\o 1 xs)e is in Z(Oi x H) and f/ n if 2 C Oi x 3, it follows that PuxK 2 (Hi >£ ) = O (e m ) 
as e — > 0, for all m 6 N. Since (H 2>£ ) £ is in £m (S x 7), relation © implies that puxv(L £ ) = 
O (e m ) as e — > 0, for all m € N. Finally, (L e ) e satisfies the null estimate of order for all 
compact subsets included in X x Y\K X x K3. Therefore, Li X xy\KixK 3 = an d the support 
of L is contained in Ki x K3. 

From corollary 1331 and proposition 1341 we immediately deduce the following: 

Corollary 35 If H belongs to Qc{X 2 ), with supp H C (K2) 2 (K2 <s X), then the image of 
H n is included in Qq{X) and the support of L n is contained in (K2) 2 ■ Moreover, L n £ Qc{X 2 ) 
can be defined globally by 



1, '2 



f H(-i, ZxWSx, 6) • • • # (£n-l, -2) d&dfc • • • d^n-l. 
JK 2 
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5.2 Operators with kernel in Qip. (•) 

Proposition 36 For Hi in G L2 (X x 3) and H 2 in G L2 (E x Y), Hi o H 2 : G L *{Y) 
is a generalized integral operator whose kernel is L G Qip.{X x Y) defined by 

l = ci ((x, y) -> jT Hi >e (x, o^ 2l£ (e, y) de) , 

where (Hi j£ ) £ (resp. (H 2i£ ) £ ) is a representative of H\ (resp. H 2 ). 
Proof . With the notations given in the proposition, set 

L e (x,y) = ^i?i )£ (z,0#2, £ (£,y)d£, for all (x,y) in X x Y, 



Ql<X) 



Then 



1^111 = / / (/ H h£ (x,OH 2 M,y)^ dxdy 



< / / ||fr 1)B (x,.)||ll|fl" 2 . 



e\,V)\\2 



dxdy 



< J ||ff 1>e (x,.)||ldx J \\H 2 , £ {; y) HI dy = PMl \\H 2 . 



1 1 2 
e|l2- 



Furthermore, for all a, (3 G N d \ {(0,0)} and (x,y) € X x Y, by derivation in the sense of 
distributions, we have 



d<ft®L e (x, y) = jf d«# 1)£ (x, flf ff 2i6 (£, y) d£ (with 4«.«L e 



dx a dyP 



Thus 



< ll^i, 



e II 2 



d?,H 



2,e 



As (i?i, e ) £ G £ L 2(X x 3) and (H 2>£ ) £ G £ L 2(3 x 7), we get that (L e ) e is in £ L2 (X x Y"). We 
set L = Cl(L £ ) £ in Qip.{X x Y). Moreover, for any / G Q L 2{X) and any of its representative 

(/ e ) e G £k 2 (^)j a representative of [H x o H 2 ) (/) is given by the net (* e ) e with 



<J> £ (x) = ^Hi t£ (x,0 ^If 2)£ (£,y)/ £ (y)dy) d£, for all x G X 
Then, for all x G X, 

by applying Fubini's theorem. Thus, (^f £ ) £ 1S a representative of L(f) and Hi o iJ 2 = 

Corollary 37 Fori? in Q L 2{X 2 ) (X open subset ofR d ), for alln> 2, H n : G L 2(X) -> ^(X) 
is a generalized integral operator whose kernel is L n G Qi2(X 2 ) defined by L n = CI (L n _ e ) , with 

L n>£ : (x, y) i-> / J3 e (x,^i)i/ e (Ci,^2)-"fle(^»-i,2/)d^id^2---d^n-l! 

JX"- 1 

where (H £ ) £ is a representative of H . 

Proof . The proof of this result is an adaptation of the one of corollary 1331 to the L 2 -case. 
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6 Application: Exponential of generalized integral operators 

In this section, we define the exponential of generalized integral operators in two particular 
cases and study some of their properties. We first define some convenient spaces. Let us set, 
for open subset of R d (d G N), 

H ln (n) = {(u £ ) £ G C°°(Q)^ I VK m n , W G N , p K ,i{u E ) = 0{\ lne|) as e -» o} 



and 



W L 2 in (0) = {(u e ) £ G F 00 ^)^- 1 ] / Vm > , ||u 6 || m = 0{\ \ne\) as e -» o} . 



Then Hi n (£l) (resp. TL L 2 ln (Q)) is a linear subspace of £m(^) (resp. f^2(r2)), but is not a 
subalgebra. Then we set 

& n (n) = Hi n (n)/i(n) , g ctn (n) = 9in(n)ng c {n) and g L , ln (n) = n L 2 ln (n))/i L2 (n). 

The space ^ n (^) (resp. ^ i 2; n (0)) is a subvector space of (resp. ^2(0)). 

6.1 Exponential of generalized integral operators whose kernel is in Qci n {X 2 ) 

Theorem-definition 38 Let H be in gcin(X 2 ) (X an open subset ofM. d ). For n > 1, denote 
by L n the kernel of H n : g(X) — > Qc(X) defined as in corollary \35\ (with L\ = H) and by 
(Ln,e) £ a representative of L n . For all e G (0, 1], the series Xm>i %r converges for the usual 
topology ofC°°(X 2 ). Its sum, denoted by S £ , defines an element (S £ ) £ of £m(X 2 ). Furthermore, 
S = Cl(S £ ) £ defines a compactly supported element of g(X 2 ) only depending on H. 

The well defined operator e H = S + Id (where Id is the operator identity) will be called the 
exponential of H. 

Proof . We divide it in three parts. The first part contains the estimates of X^n>i ~nF ^ or a 
particular representative of L n , constructed from a representative {H £ ) £ . The second part deals 
with the independence of CI (S £ ) £ of the chosen representative of H. The third part shows that 
S is compactly supported. 

• Let H be in g C in{X 2 ) and {H £ ) £ one of its representative. According to corollary 1351 we 
have H n = L n : g(X) — > Qc(X) and L n G gc(X 2 ) admits as representative (L nj£ ) £ with 

W-i.'2)= / # e (-i,£i)# e (£i,6) ■■■# e (£n-i,-2)d£id6---d£ n _i, 

where K is a compact subset of X such that supp H C K 2 . 

For all compact subset of X 2 of the form K\ x K 2 , (a, (5) G N d x N d and (x, y) G K\ x K 2 , 
one has 

d^L 2 , £ (x,y) = [ d^H £ {x^)d P y H £ {^y)di < [ p Kl xK,\ a \(H e )p KxKaM (H e )^. 
J K J K 

It follows that 

PiCiX^2,|(a,/3)[(^2, e ) < Vol{K)p 2 v2 ^ aM (H £ ), 

where V is a compact subset of X containing K,K\ and K 2 . By induction, we show that, for 
all n > 2, 

P Kl xK 2 ,\(aM( L n, S ) < Vol (K) n ~ l p r v2 ) \ {aM {H £ ). 
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This last inequality implies that the series ^ n>1 ■% £ converges for the usual topology of 
C°° (X 2 ). Set, for e G (0,1], 



OO j 



z — / n\ 



n=l 



As L n is in Qc{X 2 ) and since the convergence is uniform on compact sets, S E belongs to 
C°°(X 2 ) for all e G (0, 1]. Furthermore, for all compact subset of X 2 of the form K\ x K 2 and 

(a, (3) G N d x N d , one has 



+ 00 j 

PtfiXtf a ,|(a,/9)|(S e ) < X]rT^iX^2,|(«,/3)|( L n, e 



n! 

n=l 



+oo 



n=l 



Since -ff is in Gcin(X 2 ), Pv 2 ,\( a ,/3)\(He) = 0(1 m£ |) as e — > 0, that is there exists k G N such 
thatpy 2j | (a)/3) |(i? £ ) < Hn(l/e), so 

PK 1 xK 2 ,\(a,P)\( S e) < C K S~ kV ° l{K \ 

where Ck is a constant depending only on K. Consequently, (S e ) £ is in £m(X 2 ) and we denote 
by S its class in Q(X 2 ). 

• Let us show now that S does not depend on the choice of the representative of H. Let 
(-ff £ ) £ and (H 2 ) E be two representatives of H in Gcin(X 2 )- From (-ff £ ) £ , we define (£^ )£ ) £ and 
(<Sg) e , and from (H 2 ) £ , (L^ e ) £ and (<5f) £ . Let JT be a compact subset of X such that the 
support of H is contained in the interior of K 2 . For all n > 2, K\ x K 2 compact subset of X 2 
and (x,y) G K\ x K 2 , one has 

(4 >e - L 2 , £ ) (x, y) = / 6)^(6, 6) • • • ^(Cn-i, y) d6d6 • • • d^-i 

- / f 2 (x, ci)i? £ 2 (a, 6) • • • tf £ 2 (en-i, y) dad6 • • • d&_i. 

Thus, — L 2 £ can be written as a sum of n integrals. The term under each integral sign 
is itself formed by the product of n functions, one of them being equal to il £ — H 2 and the 
(n — 1) others being equal to H\ or H 2 . Consequently, 



n-1 



p KlxK2 [L\ e - L\ e ) < nVoliKr^py* {Hi - H 2 ) ( max (p y2 (#*))) 

Since (i? £ ) £ and (-f/f ) £ are in C^/n^ 2 ), there exists k G N such that 

max(?v 2 (-£0) < fcllnel. 

l<j<2 

As (if* - # 2 ) £ is in X(X 2 ), for all m G N, there exists C > such that p V 2 (H l £ - H 2 ) < Ce r - 
for e small enough. Then 

Pk iX k 2 {L\ £ - L 2 n£ ) < Ce m nVol(K) n ~ l k n - l \\ne\ n - 1 , for e small enough. 

Thus 

p Kl xK 2 (S} - S 2 ) < Ce" 1 ^ Vol(K) n - 1 k n - 1 \]ne\ n - 1 < Ce m e~ Wol{ - K \ 

n=i ( n 
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for e small enough. Therefore, pk 1 xK 2 ~ 5f) = ^ y£ m j as e — > 0, for all m' G N, that is 

(S £ — S 2 ) £ belongs to I(X 2 ). Consequently, S does not depend on the choice of the represen- 
tative of H in QciniX 2 ). 

• It remains to prove that S is in Qc{X 2 ), in order to define S. Set O = X 2 \ K 2 . For all 
n > 2, K\ x K2 compact subset of O, one has 

PK^K 2 {L n , £ ) < Vd(K)^ 1 p KlXK (H e )p'£ 2 (H e )p KxKa (H e ). 

Therefore 

+00 j 

1 PK 1 xk(H £ )p n K 2 2 {H £ )p K xK 2 (H £ ). 

n=2 

We have either K\ n if = or ifg C\K = since ifi x ^2 C O. Suppose, for example, that 
K\ HK = 0. Then K\ x K c O. As # is in X(O) there exists, for all m G N, a constant C > 
such that 

p Kl xK 2 (He) < Ce m , PKi xk(H £ ) < Ce m . 
As If is in TCi n (X 2 ), there exists > such that 

PKxK 2 ( H e) < k\ lne\ , p K 2{H £ ) < k\ lne\. 

Thus 

+00 ^ 

Ptfixtf a (S e ) < Ce m + Ce m V 7 — ^(^"-^"-^lner" 1 

< Ce m + Ce^e™^ lne| = O f £ m - kVol (K)\ as £ _^ , 

which implies that (S' E ) £ is in T{0). Consequently, 5 is null on O and has a compact support 
included in K 2 . 

6.2 Exponential of generalized integral operators whose kernel is in GL 2 in(X 2 ) 

Theorem-definition 39 Let H be in Q L 2i n {X 2 ) (X open subset ofM. d ). Denote by L n the 
kernel of H n : Q L2 (X) — ► Q L2 (X) defined as in corollary \37\ (with L\ = H) and by (L n ^ £ ) £ a 
representative of L n . For all e G (0,1], the series Yl n >i ~W~> where (L n>e ) e G TL L 2 i n (X 2 ) is a 
representative of L n , converges in L 2 -norm. Its sum, denoted by S £ , defines an element {S £ ) £ 
of£ L2 (X 2 ). 

By setting S = CI (S £ ) £ in Q L2 (X 2 ), we define the exponential of H as e H = S + Id where Id 
is the operator identity. 

Proof . We divide it in two parts. The first part contains the estimates of ^«>i ^ or a 
particular representative of L n , constructed from a representative {H £ ) £ of H, and shows the 
existence of (S £ ) £ . The second part deals with the independence of CI {S £ ) £ with respect to the 
chosen representative of H. 

• Let H be in Q L 2 i n (X 2 ). Applying corollary 1371 we have H n = L n : Q L i{X) — » Q L 2(X), for 
all n > 2, with L n G Q L 2(X 2 ) defined by L n = CI (£ n ,e) where, for all e G (0, 1] and (x, y) G X 2 , 

L n , £ (x,y)= [ H £ (x,^)H £ (^^ 2 )---H £ (^ 1 ,y)d^ 2 ---d^ 1 
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and (H e ) e denote a representative of H. 

We are going to show by induction that ||L ni£ || 2 < ||-ff e || 2 , for all n greater than 2. First, for 
all e G (0, 1] and (x, y) G X 2 , one has 



\L2,e( x >y)\ 



H e (x,0H e (£,y)d£ 



< \\H e (x,-)\\ 2 \\H e (;y)\\ 2 . 



Thus ||X/2 )e || 2 < H-f^ell^ ari( i the first step is done. Assume that, for all (x,y) G X 2 



\L n ^ e (x,y)\ < \\H e (x,-)\\ 2 \\H e \\%- 6 \\H e (;y)\\ 2 and l|Ai-l, e || 2 < \\H t 



m-1 



e\\2 



Then, for all (x,y) G X 2 , 



\L n ,e{x,y)\ 



J L n ^ £ (x,0H £ (Z,y) d£ 



< \\L n -i >E (x,-)\\ 2 \\H £ (-,y)\\ 2 . 



As 



|L n _ M (x,.)|l2< / ||^ e (x,-)|l2ll^ll2 n ' 6 H^(->y)ll2 dy< ||^ 



eK x r )\\l\\H e f^\ 



we get \\L n _ h£ (x, -)|| 2 < ||ff e (x, -)|| 2 ll^ll 2 and |L n , e (s, y)| < \\H £ (x, -)\\ 2 \\H £ \\^ \\H £ (-,y)\\ 2 . 
Consequently, 



||^ >£ ||2< / / ||^,-)||2ll^lli n ~ 4 ||^(-,2/)ll2dxdy=||^ £ ||f, 



that is 



I t II <■ \\~fi \\ n 

\ lj n,e\\ 2 — || -"e II2 • 



(6) 

With a similar method, we can prove that, for all n > 2, (a, (3) G N d x N d \ {(0,0)} and 
(x,y) eX 2 , 

di a ^L n<£ (x,y) <\\d«H e (x,-)\\ 2 \\H £ \\r 2 d^H £ (-,y) 



and 



u xy ^n.e 



<\\d%H e \\ 2 \\H e \\Z 



n-2 



(7) 



From the inequalities © and (0), we deduce that the series ^7Jn>i an d ^n>i hpxy ' ^"n,e 
converge, in L 2 -norm. We set 



+00 



L 



s e{x, y) = Y] -htOe, J/) > for all (x, y) e X 2 , 



n=l 



and 



+00 _. 

£>^(ar,I/) = ^-9i Q /)L n , £ (x,y), for all (a, (3) 6 (N d x N d ) \ {(0, 0)}, (z, y) G X 2 . 



n=l 



We turn to the study of these series. One has 



+00 +00 _. 

i n! n! 



n=l 



n=l 



As if is in Q L 2i n (X 2 ), H £ is in L 2 (X 2 ) and 5 e also, for all e G (0,1]. Furthermore, ||i? e || 2 = 
0(| lne|) as e tends to 0, that is there exists k G N such that |[-ff e || 2 < kin |e|. It follows that 
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Furthermore, a straightforward exercise on distributions theory shows that, for all a, j3 G 

N d \ {(0, 0)} and e G (0, 1], cft^ = in P'(A 2 ). 

Consequently, 



U x y lJ £ 



D 



a,/3 



< V — I L 



n=l 



— \\ u xy n e 



+ / — i \\dxH £ \\ 2 \\H, 
2 ^ n\ 2 

n=2 



\n-2 



< 



+ WftH, 



d^ y H e 



£|l2 



As H is in Q L 2 i n (X 2 ), there exists k G N such that ||-ff e || 2 , ||9"iT e || 2 , 
are less than In for e small enough. Hence 

-fc-i 



d$H e 



d$H E 



and 



tt 



u x y °e 



O e 



as e 



0. 



Finally, (5' e ) e is in £ L 2(X 2 ) and we can denote by S its class in Q L i[X 2 \ 

• We show now that S does not depend on the choice of the representative of H. Let (H £ ) £ 
and (H 2 ) £ be two representatives of H in Gl 2 Iti(X 2 ). As previously, from (H £ ) £ , we define 
(Ll l£ ) £ and (Sl) £ , and from (H 2 ) £ , we define (L 2 e ) £ and (S 2 ) £ . For n greater than 2, we write 

£ — l? n e , as in the proof of theorem-definition EM as a sum of n integrals. After derivating 
this last expression, we obtain, for (a, j3) G N rf x N d , 



+ IL ll-ffl — H 2 



y x "e ||2 



„l|in-3 
e 1 1 2 II e lb 



^y e 



+ 



1 II QQ rr2|| II TT2\\ n ~ 2 
+ \\ c >x H e || 2 ||-"e II2 



dl{H]-H 2 e ) 



Since (H £ ) £ and (H 2 ) £ are in GL 2 in{X 2 ), there exists fceN such that for 7 = (0,0), 7 = (a,0) 
and 7 =(0,0), 

H^^fl^H < feln|e| , for e small enough and % = 1,2. 

As (.ffg — iiff ) e is in 2 L 2(X 2 ), for a given m G N, there exists C > such that, for 7 = (0,0), 
7 = (a,0) and 7 = (0,/3), 

Hdjytffe - # £ 2 )|| 2 < <?e m , for e small enough. 



Then, each term in the right hand side of the estimate of d^J (L* e — L 2 e l 
C(fe| lne|) n_1 e m , for e small enough. Thus 

for £ small enough. 



is less than 



Finally 



o(a,/?) /cl _ o2\ 
u xy \ £ J £ 



+00 



r (fc|lne] 



m-1 



^ (n- 1)! 

71=1 V ; 

< Ce m e fc|lne| , for e small enough 



for e small enough 
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It follows that 



d [ "f ] {Si - S 2 ) = O {e m ~ k ) as e -» for all m € N and that (S* - 



1/ ; ... ! <ir-> ... — - u un <ii j 111 c ii dim uj<u i.;.. — ." ' 

2 

is in X L -i(X 2 ). Consequently, S does not depend on the choice of the representative of H in 



Remark 40 The generalization of the results presented in subsections I6.il and \ 6.°A for the 
exponential, to any entire function is straightforward by replacing the logarithm scale of growth 
by an adapted scale. 

6.3 Properties of the exponential of generalized integral operators 

Proposition 41 Let X be an open subset ofR d . For H in Gcin{X 2 ) or in Q L 2i n {X 2 ), we 
have 

H o e n = e S o H ; e aS o e b " = e^ S , for all (a, b) G R 2 ; ^ e tS = H o e *#. 

Moreover, if K is in Gcin(X 2 ) or in Ql 2 Iu{^ 2 ) an< ^ if ' H and K commute, which amounts to 
fH^QKfo - 2 ) d£ = pTGi, -2) d£ ; ffcen o = e "+*. 

Proof . By applying the theorem concerning the characterization of generalized integral 
operators by their kernel, we prove these properties by using the associated kernels. Denote by 
Ker(-) the kernel of a generalized integral operator. From H in Gcin(X 2 ) or Q L i in {X 2 ), we 
define 5 and L n , for n > 1, as in Theorem-definitions 1351 or Note that, for all integers p, q 
greater than 1, one has 

/ L p (- 1 ,£)L q (£,- 2 )d£ = L p+9 (-i, - 2 ). 
Jx 

We are going to prove these properties for H in Gcin(X 2 ) and the case where H is in Q L i i n (X 2 ) 
is treated analogously. We also don't go back to representatives: All the sums written below 
are well defined and independent of representatives. Integrals are performed on a compact set 
k such that the support of H is contained in the interior of k 2 

• One has H o e H = H o S + H and 

„ „ +00 j +00 j 

Ker(HoS) (.,,-,)= / - 2 ) d£ = / H(- u £) £ - 2 ) d£ = £ -=±^(-i, - 2 ). 

^ ,/K n=l n=l 



Thus 

71=1 

Knowing that J K H(- 1} - 2 ) d£ = L n+ i(-i,- 2 ) = J K £„(-i, - 2 ) d£, one gets 

Ker (Hoe 11 ) = Ker (e H ohT 



i-OO r 



which implies the result. 

• One has e ci ^ = S c + Id, for c = a, b, a + b, with 

+oo n „ +oo n 

Sc(-i,-2) = J2^ / ff(-i,ei)---i?(^-i,- 2 )da---d^_ 1 = ^^ T L n (- 1 ,- 2 ). 

n=l J K n=l 
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We have e aH o e bH = S a o S b + S a + S b + Id, and 

. +00 n +00 , n 

Ker(S a oS b )(- lr2 )= / E ^(-i, £) E *a) d £ 

~ 1 — 1 



n=l n=l 



E E ^npa^. ■>) = E a E 

n=2fc=l v y n=2 fe=l 



Thus 

+00 n-l +00 n +00 

i^er (s< a o S 6 + S a + S b ) = ~, E ^a n " fc &^n + £ ^ + E ^ 

n=2 fc=l n=l n=l 

+00 ^ n +00 1 

= E A E C k n a n ~ h b h L n = J2- } (a + b) n = S a+b , 
L — ' re! n! 

n=l fc=0 n=l 

which implies the required property. 

— ^ +°° — ^ - — ■ 

. One has e tH = S t + Id with S t = £ gL n , so |e 4H = |5 4 = |£ t . Now £S t 

n.=l 

+°° ^ - ^ ^ ^ 

Yl (n-iy. Ln- Furthermore H o e tH = H o S t + H and 

n=l 

+00 



Ker^HoSt) (• 1 ,- 2 )= / H (■!, E "2) d£ 

n=l n ' 

= E^ L ' 



n! 

n=l 



-°° f n-l 



= E f re _iv Lw( ' lr2) = ^5 t (-i,y)-^i(-i,-2). 

n=2 ^ 

As Li = , one gets H o e tR = f t S t = f t e tS . 

• Prom T in Gcin{X 2 ), we define, for n > 1, St and L^ n as in Theorem-definition I.-S8I 
Take H and K which commute and k a compact set such that the supports of H and K are 
contained in the interior of k 2 . On one hand, we have e H o e K = Sh Sk + Sh + Sk + Id with 

+00 +00 
Ker(^o^) (• 1 ,. 2 )= / HW-l,£)E-fW£,-2)d£ 

JK n=l n=l 

+ OO 71—1 . . 

n=2k=\ K 
+00 .. n— 1 „ 

E-E c - / ^(•i,6^,n- fc (e,-2)d6 

^ — O * 7 1 K 



n=2 fc=l 

Thus 



Ker{s H oSl i + sli + S K )=Y,- l Y, C n j L H ,kM) L ^-k(A, '2) d£. 



n=l k=l 
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On the other hand, we have e + = Id+Sn+K with Ker{Su+K){'ii '2) = ^jLH+K,n('l, - 2 ) 

n=l 

and, for all n greater than 1, 

Lh+kA-i, -2) = [ (H + K) (•!, 6) • • • (H + K) (e„_i, - 2 ) dfc • • • d^-i 

Jk™- 1 

n „ 

= 5Z^« / L H,k(-l,QLK,n-k(ti, -2) d£. 
fc=l • /k 



This last equality follows from a straightforward induction, which uses mainly the fact that 
H and K commute, which implies that Lh, p and Lx, q have the same property for all integers 

p > 1 and <7 > 1. Thus Ker(SH+K){'i, '2) = Ker [Sh •S'r- + Sh + Sk) , which ends the proof. 



6.4 Example: A unitary generalized integral operator 

In this subsection, we apply the above results to the special case of operators with symmetrical 
kernel, which are essential in view of forthcoming applications to theoretical physics. Fix X an 
open subset of R d . 

Proposition-definition 42 The map (f,g) 1— > J f(x)g(x) dx from (Q L 2(X)) 2 to C defines a 
generalized scalar product on Q L 2{X), that is (•,•) is bilinear, positive ((f,f) has a represen- 
tative ((f £ ) £ with ip £ > for all e £ (0,1]) and non degenerate, id est: (f,f) = in C implies 
that f = in Q L 2 {X). 

Proof . The only non trivial assertion is the last one. Take / such that (/, /) = in C and 
denote by (/ £ ) £ one of its representatives. For all n G N, ||/ e ||2 = 0(e n ) as e — > 0, that is (f £ ) e 
is in lp(X). Furthermore (f £ ) £ G S&(X) so {f £ ) £ G Tp(X) n E&(X) = T^[X) (this result is 
proved in [S] by a method analogous to the one employed in the proof of theorem 1.2.3 in |12j). 
which means that / = in Q L 2(X). 

Definition 43 We say that a generalized function H of Q^^X 2 ) is symmetric if, for all 
[x, y) G X 2 , H(x, y) = H(y,x) in C. 

Remark 44 If H of Q L 2(X 2 ) is symmetric, then H is symmetric for the generalized scalar 
product introduced in proposition- definition that is (H(f),g) = (f,H(g)) for all f, g G 
Ql<X 2 ). 

Definition 45 We say that a generalized operator A : D(A) C Qi J 2(X) — > Q L 2(X) is unitary 
if, for all (f,g) G D(A) 2 , one has (A(f),A(g)) = (f,g). 

Proposition 46 Let H be a symmetric generalized function in Q L 2i n (X 2 ). The generalized 
integral operator e ltH is unitary. 

Proof . We don't go back to representatives as in subsection 16.31 As e ltH o e~ ttH = Id, we 
have just to prove that [& %t ^(f),g\ = (j, e~ lt ^ (g)j in C, for all /, g G Q L 2(X). Let / and g be 

in Q L 2(X). By definition of the exponential, it suffices to show that 
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in C. We have 

(Su(f),g) = [ S it (f)(x)g(x)dx 



x 

+00 



f (it) n f 
= / Y] — r / L n(x,y)f{y)dyg(x)dx 
Jx^ nl J x 

= E^r/ [ L n (x,y)f(y)g(x)dydx. 

As H is symmetrical, so is L n for all n > 1 and, by applying Fubini's theorem, one gets 

'S it (f),g)=f]^ f [ L n (y,x)f(y)g(x)dxdy 
v t~i J x J x 



n=l 



I X JX 

+00 



fj{y) I^J x p^L n (y,x)g(x)dxj dy 

(fXit(g)). 
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